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Abstract

The paper deals with the problems of formalizing econometric models on firm-product level trade data sets, or similar
economic flows. A multi-dimensional random effects panel data approach is adopted. Several models are introduced
taking into account different types of specific effects, interactions and cross correlations. The respective covariance
matrixes are derived, as well as procedures to estimate the unknown variance and covariance components, in order to
make the Feasible Generalized Least Squares estimation operational. Whenever possible, the spectral decomposition
of the covariance matrixes is also provided to make the estimation procedure simpler to implement. Both balanced
and unbalanced data sets are considered.
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1. Introduction

The last decade or so, many new, large and very large socio-economic data sets have
started to emerge. One area, where these large data sets have been compiled, relates
to trade, where micro, firm, product and shipment level observations have become
more readily available. Such data sets often present themselves in the form higher
dimensional panels. While three-dimensional panel data, mostly related to macro
trade, and other macro economic flows are now better understood (see, for example,
Matyas and Balazsi [2012] and Matyas, Hornok and Pus [2012]), in higher dimensions,
with potentially extremely large number of observations, the models and, even the
simplest, estimation methods can quickly become very complex.

This paper focuses on four-dimensional (4D) panel data models and their
estimation, with some outlook on higher dimensions as well. These 4D data sets,
in a trade context, typically consist of firm or disaggregated sector (called in short
firm) and product (or, again sector, called in short product) level observations, best
formalized in a four-dimensional panel data model framework (see, for example, Bekes
and Murakozi [2012], Corcos et al. [2012], Gorg et al. [2010], Berthou and Fontagne
[2009], and Defever and Toubal [2007]). As the numbers of observation usually
in these cases is (very) large, a fixed effects approach would mean the explicit or
implicit inclusion into the model of tens of thousands of additional parameters and
dummy variables. This would look in fact very much like a case of over-fitting, mostly
“destroying” the explanatory power of any other variables. And also, in these higher
dimension, different fixed effects specifications can substantially change the estimation
results (see, for example, Arkolakis and Muendler [2009]), so instead, in this paper, we
introduce and analyse several appropriate random effects model specifications. The
models considered are extended to include across firms or products cross correlations,
and are adapted to deal with problems related to unbalanced data as well.

The framework of the analysis remains, throughout the paper, within the
standard panel data approach. While it can be argued, for example, that the number
of products traded by a firm is in itself endogenous, as this is in fact one of our four
data dimensions, it will be tread as given. In general, all data dimensions are going
to be treated as fixed and given. Similarly, the balanced and unbalanced data panels
can be defined, unlike in the “usual” panel data case, in several different ways. So
we are going to apply some restrictions on the assumed data structure which best
characterize these micro trade data sets.



2. The Model Specifications Considered

In this paper we introduce different types of random effects model specifications suited
for this four-dimensional panel data approach, derive proper estimation methods for
each of them and analyze their properties under different data structures.

The baseline model to be considered is
Yijst = B xrs, + Uijst

where x are the explanatory variables of the model, § are the the unknown parameters,
u are the idiosyncratic disturbance terms (which are assumed to be uncorrelated with
the explanatory variables x), 1.5 is the time-invariant Index Set (it can be: ijs, i7j,
18, 7s or just have a single index for the explanatory variables, and can be different
for different for each one of them). It is important to be specific about the sample
size and sample structure. First of all, the baseline sample structure, let us call
it the balanced one, is when i = 1,..., N, j =1,.... N® s=1,...,N® and
t=1,...,T,Vi,s,j. Let us note here that a “real” balanced sample would mean, as
in Davis [2002], that N® = N@ = NG but in our case this makes little sense, as
essentially we are dealing here with micro trade data. Typically ¢ stands for firms, j
for products (or disaggregated sectors like ISIC level 1, 2 or 3 classifications), and s
for the trade destination countries. An important unbalanced data structure is when
N® N® and N®) are different for each (sj), (i) and (is) index pairs. Let us call
this N-unbalanced case. Then, i = 1,.. .,Ng), 71 =1,. ..,NZ-(J.Q) and s = 1,.. .,Ni(j).
The data can also be unbalanced time-series wise. From a practical point of view,
perhaps the most relevant is the case when t = 1,...,T};,. Let us call this the T’
unbalanced case. It is worth noting that there is a kind of symmetry between the
N and T unbalanced cases. For most data sets if we consider the “individuals” (7,
Jj, and/or s) balanced, then T is going to be unbalanced, and of course the other
way round. In order to keep the complexity of the models studied within reasonable
limits, however, we will assume throughout this paper that the data is N-balanced
and we are going to deal only with the T-unbalanced case.

As we are using here a random effects approach, the different model specifications
are characterized by different structures of the disturbance terms u;;s;. Moulton [1990]
already pointed out more than two decades ago, how important these structures are in
fact from a practical point of view. For each of them we derive the covariance matrix
of the model, and then proper estimators for its variance and covariance components
in order to be able to use the Feasible GLS (FGLS) estimator to estimate the unknown
parameters of the model.



The simplest model considered is a straight generalization of the “usual” error
components panel data model (see, for example, Matyas [1997], and Baltagi et al.
[2008])

Uijst = fi + 75 + Qs + At + Eijst (1)

where the error components are pair-wise uncorrelated, have zero expected values,
and their variances are

2 ifq =4 o ifj=j4
( ) 0 otherwise ( ! ‘7) 0  otherwise
2 : o 2 : Y
Elasay) = {O‘a ifs=s : EQuh) = {O‘A ift=t
0 otherwise 0 otherwise
The next model to be considered is
Uijst = [ijs T Eijst (2)

E(pijsptirjrsr) = {0‘2‘ o= Z’/.’ J=Jands =
0  otherwise
This is the “usual” panel data model with random individual effects, where the
individual effects correspond to the (ijs) triplets. An extended version of this model
is
Uijst = Mijs + N + Eijst (3)

where

o otherwise

The next model to be considered is with pair-wise interaction effects

1 2 3
Uigst = piy) +ps 4 pi) + eijat (4)

where ng ), N§§)7 Ng-?;) and ¢;;,; are pair-wise uncorrelated, have zero expected value,
and
(1)2 f_/ d Y
E(/“LUNZ',]'>: O-M mrs=1,and j=7
0 otherwise
2
):{J,(f) ifi=1i,and s =¢
0 otherwise

ey o
E(Mjsﬂjlsl) = {JH lfj _].7 andS—S
0 otherwise



The next model is the extension of model (4) with a time effect

(3)

Wijst = My

+

+ )\t + Ez‘j st (5)

Another form of heterogeneity is to use individual-time-varying effects. This in
fact is the generalization of the approach used in multilevel modeling, see for example,
Snijders and Boske [1999], Ebbes, Bockenholt and Wedel [2004], Hubler [2006] or

Gelman [2006]. In this case model (2) is extended with pair-wise split individual

specific time effects

(1)

Uijst = Hijs + (%

(1)

where v, 7, 02 )

Jjt » Vst
and

1)2
O'Q() )

E(viviy) = {
0

(6)

’Uﬁ) + ’Ug) + Eijst

and e;;5; are pair-wise uncorrelated, have zero expected value,

ifi=1,and t =t
otherwise
if j=4,and t =1t
otherwise
ifs=s,and t =1¢

otherwise

And finally, the last model to be considered is an all-encompassing model with

(3) (7)

js

(1) (2)

3
T+ U &

(1) (2) + Vg + Eijst

Wijst = M + p;

In some cases it is important to deal with cross-correlations as well. The cross-
correlations to be considered are for models (2), (3) and (6)

O’Z 1=1,j=7 and s = 5
pay i#4,j=j and s=s'
E(pijspirjrsr) = piy 1=1,j#j and s =5
py 1=1,j=7j and s # s
0 otherwise
and for models (4), (5) and (7)
n .y .y
o t=1 and j =7
(1) i £ i and 7 = 7'
B s) = P(P i# 1 and j =
ply) i=i andj#j’
0 otherwise



o’

p% i#1i and s = s

t=1 and s = &’

/

E(pispirs') =
pgi i =1 and s # s
0 otherwise
and
0&3)2 j=7 and s =5

p(3)
Elujspyrs) =70 =7
Py J= j" and s # s’

0 otherwise

/

j#j and s =s

3. Covariance Matrixes and the Estimation of the Variance Components

As it is well known, the most efficient way to estimate the models introduced in
Section 2 is through the Feasible GLS estimator. First, starting with the balanced
case, we need to derive the covariance matrix of each model (1) - (7). However, given
the four dimensions, the sample size can become very large quite quickly, meaning
that the inverse of the covariance matrix (needed to perform a the FGLS estimation)
frequently cannot easily be calculated in practice. To overcome this problem we also
derive the spectral decomposition for each covariance matrix, which makes the inverse
operation much more handy to perform. Then, we estimate the unknown variance
and covariance components of the respective covariance matrixes in order to make
the FGLS operational.

3.1 Covariance Matrixes of the Different Models

As the four dimensional setup makes the matrix algebra a bit more complex, we need



to introduce some new notations upfront. Let us make the following definitions:

B =y & S
B; = «j\z/y(;l)) ®Ine & }7\[1\2;3));
b= T o o %
Bij = Iyoyne @ %
Bis = Ino ® {\Z/y((;; ®Ine @ J?T
Bjs = {\J/y((ll)) QInene ® J?
Bit = Iya) ® % ® It
B = % ®IN<2>% ® It
Bst = % Q@ Iy
Bijs = Inonene @ J—;
Bijt = Inoyne @ % ® It
Bjst = % @ Ine e
Bist = Iyo) ® }7\];]((22;
g INO N NG T
NONCNG)T

I =Inone NG T



Ine NG

B =1y ® NONG)
.  JIno JING)
Bi =N @ Iver © [y
«  JINONG
BS = 7N(1)N(2) IN(B)
. Ine)
J
B:; == IN(l) ® ]\]/y((;)) ® IN(3)
T
B, = NN—((ll)) ® Ine N
Jr_ INONE NG
N NERING)

*
I" =Iya)yne) N

Model (1)

To derive the covariance matrix of model (1) we start from composite disturbance
term

Wijst = Hi + V5 + Qs + At + €5t

For all T' observations we get

Uijs = i @ lp + 7 @l + s @ lp + A+ €55
Eluijsui;e] = El(pi @ lr)(pi @ lr)'1+ El(v; @ ) (v @ Ir)']+
+ El(as ® Ir) (s @ I7)'] + E[AN] + Eleijs€ijs] =
= JiJT + J,QYJT + O'iJT + O')\IT + o 2Ir

Continuing this building up of the observations for the s index and then the j and ¢
indexes as well, we get

Ui :/’Li®lT®lN(3) +’7j®lT®lN(3) +Oé®lT—|—lN(3) ®)\+€Z]

E[uwuij] = JZJN(a)T + J?YJN(g)T + UCQXIN(:» ® Jr + UiJN(g,) ® It + U?IN(3)T

Ui = Qlr @lne lye +7Rlr e +lye @aRlr + e @lye @A+ €
Eluu)] = UiJN<2>N<3>T + 0311\](2) ® Iy + 02 Ine ® Ine ® Jr+

2 2
+oxInene @I+ o Ine ye



So this gives finally
U=pRIlr Qlye Qlye +iyo @Yl Qlye +iyw @lye @ a®lr

+ iy Qlye Qlye @+ €
Eluu'] = U,%IN(l) ® Jye e + U,QYJN(I) ®Ine @ Iyeyr + UijN(l)N(2) ® Ine @ Jr+

+ o3 Ino e N® ® It + 02y ye yep = €
where [ is the vector of ones (all elements being 1) with its size in the index, J is the
matrix of ones with its size in the index and I is the identity matrix, with its size in
the index, and p, o, v, A and € are the vectors containing the elements of 1;, v, o,
At, and €;54 respectively.

Like in the usual panel data case let us work out the spectral decomposition of
this matrix to simplify the inverse needed for the FGLS. Using the notation

Cii=B;—J
Cio = B;—J
Cis =By —J
Cia=B,—J

Wi=1-Ci—Ci2—Ci3—Ciy—J
we get
Q= NONOTG2 (Cyy + J) + NONO T2 (Crp + J) + NONST2 (Cis+ J) +
+ NONCNGG2 (O + J) + 402 (Wi + Ciy + Cra+ Ciz + Cia + J) =
- (N<2>N<3>To—§ + NON®TG2 4 NONOTG2 4 NONE NG 62 4 0—3) J+
+ (N(Q)N(S)Tai + Jf) Ci1 + (.7\7(1)N(3)TU,2y + Jf) Cia+

¥ (N<2>N<3>Ta§ + af) C1s + (N“)N(?)N(S)ai + af) Cug + 02W,

Now using
o?
0, = N(Q)N(?))To-g Ty
o2
Oy = =
NUONGITo2 + o2
o2
03 = =
NON®RTo2 + o2
6y = i
T NON@NGIG2Z 4 o2
2
= o

N(2)N(3)T0'L2L T N(l)N(?’)TU% + N(I)N(Q)TO-CQX + N(l)N(Q)N(S)O'i —+ 0'62

9



we get for the inverse of the covariance matrix

020 = 0,C11 + 02C10 + 03C13 + 04C14 + 05T + Wy =
T —(1—601)Bi— (1—05) B, — (1 03) By — (1 — 04) B+
+(3—601—02—03—0,+65)J

Now this model is suited to deal with purely cross sectional data as well, that is
when T' = 1. In this case

/ 2 2 2 2
FE [uu ] = UHIN(U RJI N NG —HTVJN@) R e QI e +oL, v ne @Iy +F0 Inoy ye) Ne) = Q

with
Ci,=B—-J"
Ciy=B; - J"
Cis=B.—-J"
Wi=I"-C; —Ci, —Cis—J*
and we get

Q=NONOG2(CF + J) + NUNGG2(CFy + ) + NONG 2 (Cry + T*) +
+ 02 (W) +Cf +Ciy + Cis + J*) =
_ (N<2>N<3>o—3 + NONGG2 4 NRONGG2 ¢ of) Fan (N<2>N<3>Ji . 0—3) O+

n <N(1)N(3)J§ n Ug) Cry + (A;\;(z)]\/-(i%)gfY + af) Cis + oWy

Proceeding like in the panel data case above, with the notation

2

o — O
L= N(Q)N(?’)O‘a + 0'62
o — ¢
2 NON®G2 + 52
o
3 N(I)N(Q)O'CQX —+ o'g
2
0; T

- N@®NGGZ + NONGg2 + NON®g2 1 o2
we get

020 = 0707, + 03CT, + 0507, + 05T + Wi =
=1-(1-07)B; —(1-03)B; —(1—-05)B; + (2— 07 — 05 — 03 +0;)J"

10



Model (2)

Proceeding likewise for model (2) we first build up the covariance matrix

Uijst = Mijs T €ijst
Uijs = Mijs @ lT + €455
Eluijsui;| = O’iJT +o?Ip
Uij = Mij Q lr + €5
BEluijui;] = UiIN@,) Jr 4 0% I r
up = @lr + €
Eluu) = oolye ye @ Jr + 02 ye yor
u=pIlr+e
Eluu'] = aiINu)N(z)N(z) ® Jr + o2 Iyo) o ne T = Q
Then using
Cy = Byjs — J
Wy =1 — Bjjs

we get for the covariance matrix
Q=To> (Co+J)+02(Wa+Cot J)= (Top +02)J + (Ton +02) Ca+ a2 Wy
and for the spectral decomposition
020 =0 +0Cy + Wo =1 — (1 —0)Byjs

with
__ o
To?2 + o2

The GLS estimator then is
Bars = [X'(I = (1—0)Byjs) X)X/ (I - (1-0)Bijs)y

The GLS estimator is in fact an OLS estimator on the transformed model, where all
the variable of the model are transformed like @ st = yijst — (1 — 6) Zthl %yijst.

Model (3)

Proceeding in the same way as above for model (3) we get

Ujjst = Hijs + At + €ijst

/ 2 2 2
E[uu ] = UHIN(UN@)N@) & Jr + UAJN<1>N(2)N(3) ®Q It + o Iy N T = Q

11



and so
Q= TJZ (032 + J) + N(l)N(z)N(S)Ji (031 + J) + 0? (Wg + Cs31 + Cso + J) =
= <TO'Z + NONONGG2 4 Jf) J + (TO'Z + U?) Csa + (N(l)N(z)N(?’)Ui + Jf) C31 + 02Ws
with
031 == Bt - J
C32 = Bijs —J
Ws=1-C3 —Cs2—J

For the spectral decomposition we get

0'629_1 = 01J+05C394+03C51+W3 = I—(l — 92) Bijs—(l — 93) Bt-i-(l + 601 — 0y — 93) J

with

6, = i

' To2 + NONONGG? + o2
2
0 = T 206 2
oL + o

6y = i

?T NON@NG62 4 o2
Model (4)

For model (4) we get

1 2 3
Uijst = /%('j) + Ngs) + N;s) + €ijst
E[uu'] = O-Ll)le(l)N(z) @ Jneyr + 0/(1,2)2IN(1) @ JIne @ Ine @ Jr+

+ UE’)ZJN@ ® Ineno @ Jr + 0ty ye vorr
and
Q=NOToW" (Cyy + B, + By — J) + NOTo@" (Cup + By + By — J) +
+ NOTo®" (Cyy + B; + By — J) + 02 (Wi + Bi + Bj + By + C4l + Cug + Cuz — 2J)
= o2 W, + + (N(?’)TUELI)2 + 062) Cy + (N(Q)TUELQ)2 + 062) Cyo+
+ (N(l)TUI(f’)2 + Jf) Cas + <N(3)Talg1)2 + N(Z)Tal(f)2 + Jf) B+
+ (N<3>Ta§}>2 + NOTE®® 4 af) B; + (N(Q)Taff)z + NOTE” 4 af) B,—

3 (N(3)Ta£})2 + NOT? L NOTe®* 4 203) J

12



with
041 :Bij—Bi—Bj-i-J

Cy2=Bijs — B; — Bs+J
Cy3 =Bjs — Bj — B+ J
Wy=1-B;—Bj—Bs—Cy1 —Cyo— Cy3+2J
The spectral decomposition now is
o2 = Wy +01Cy1 + 05045 + 03Cy3 + 0,B; + 05B; + 0sBs — 07J =
=1—-—(1-61)B;; —(1—02)Bis— (1 —63)Bjs + (1 —61 — 02+ 64) B;+
+(1—=61—0354+05)B; +(1 =02 —03+6s) Bs — (1 =01 — 0 — 03+ 07) J

with R
06
o = (1)?
N®)Tg,” + o2
2
0-6
02 = (2)
N®To " + o2
o¢
3 prm—
N(l)TU,g3)2 + o2
0.2
4 p—
NOTeWD? 4 NOT?? 4 o2
0.2
5 p—
NOTeH* + NOTeE” 4 52
2
g

6= .
NOTe?® L NOTeE” 4 52

2
€

7 p—
NOTeM + NOTeD* + NOT6E + 202

g

This model seems to be the perfect choice when one is dealing with cross sectional
data. In this case

Eluu'] = O-/SI)2IN(1)N(2) ® Jye) + ULQ)QINO) ® Ine ® Iy +
+ aff’)zJN(l) ® Iy ne + 0Ly ye e = Q
with the notation
Ch=B;,-B —B; +J"
Cip = Bio = B = Bi+J'
Cis = Bj, = Bj = Bi +J*
Wi =1I"—Bf — B — B —Cj; — Cjy — Ci3 +2J"

13



we get

O =NOoW (Chy + Bf + Bf —J) + N@6®* (Ch, + Bf + Bf — J*) +
+ NWeO* (Cpy + B + BE = J*) +
+02 (Wi +Bf + B} + B + Cj, + Cjy + Cis — 2J%)
= a2W; + (N(3)U£L1)2 + Uf) Ci + (N(Q)Uf)z + 062) Clia+
+ (N(l)al(f’)z + Jf) Cis + (N(g’)al(})z + N(Q)Ul(f)2 + Jf) B+
+ (N<3>a,31>2 + NWe® 4 af) B! + (N<2>aff>2 + NDe® 4 af) B -

~ (N®o® 4 NOo@® 4 NOGE" 1 262)

Introducing a similar notation than earlier

2
* 06
01 = (1)2
N®g, " + 02
2
* 0-6
02 = (2)2
N®@g,”" + o2
2
* 06
03 = (3)2
NWg,”" + o2
o2
0; = 6
FONGeW L N@eP 4 g2
6z = o
TN N 4 g2
Y
¢ N@GD L NG 4 o2
2
03 i

T NP+ N@eDT L NOeD? 1 902
we get
o2 = Wi+ 07Cy, + 05C5, + 05C55 + 05B; + 05 B; + 05B; — 05" =
=1"—(1-07)Bj; — (1—03) Bj, — (1 —63) Bj, + (1 — 07 — 05+ 63) B +
+ (1 =07 =05 +05) B +(1—05—03+05) B;—
—(1—07—-065—-05+67)J"

14



Model (5)

For model (5) we get

Uijst = uﬁ}) +u? N;i) + At + €ijst
E[uu'] == 0£1)2IN(1)N<2> ® Jneyr + O'Lz)sz(l) @ JIne @ Ine @ Jr
2
+ U&g) Iy ® Ine e @ Jr + UEJN(UN(?)N(?') & It + USINU)N(?)N@)T

This leads to
Q= NOToW®" (Cs1 + B; + By) + NOTo®" (Cso + By + B,) + NOTo®" (Cs3 + B, + Bj) +

+ N(l)N(z)N(S)U§C54 + 0'62 (W5 + Cs1 + Csa + Cs3 + Csq + B; + Bj + Bs> =

= 0'62W5 —|— (]\7(3)CFO'£L1)2 —|— 0'62) 051 —|— (]\7(2)CFO'£L2)2 —|— 0'62) 052 —|— (]\7(1)110'&3)2 —|— 0'62) O53—|-

+ (N<1>N<2>N<3>a§ + af) Cia + (N(?’)Taf})z + NOT?® 4 af) B+

+ (N<3>Ta§}>2 + NOT®® 4 a?) B; + (N DT + NOTeP" + 03) B,

with
Cs1 = By — B, — B,
Cso = Bis — Bs — B;
Cs3 = Bjs — Bs — B,
Cs4 = By

Ws=1—Cs1 —Csy — Cs3 — Cs4 — B; — Bj — By

and the spectral decomposition is

02071 = W5 + 0,051 + 05059 + 03Cs3 + 0,Cs4 + 05B; + 0B, + 07 B, =
:I—(l—gl)Bij—(1—02)Bi5—(1—93)Bj5—(1—94)Bt+<1—91—02+95)Bi+
+(1—91—93+96>Bj+(1—92—93+97)38

15



with
2
€

B N(3)Ta£1)2 + o2

2
O

- NOTs + 52

o¢

B ]\7(1)T(7£L3)2 + o2

2
O

NON@NGG? + o2

2

O

N N(?’)Tal(})2 + N(Q)TU£2)2 + o2
2

C NOTM L NOTe®? 1 442

2
€

C NOTD  NOTER 4 o2

g

04 =

g

g

Model (6)

For model (6) we get

Uijst = Mijs T U( ) (2) + /U,gt) + €ijst
E[uu |=Q= JMIN(l)N(z)N(g) ® Jr + Uf) )? Ino @ Iy ne @ I+

2 2
+ 0 Tne ® Iney ® Iye ® It + 08 Iy ve @ Inor + 02 Iva ve yorr

leading to
QO =To2 (Co1 + B; + Bj + By — J) + NON® (V" (Cgz + Bi + By — J) +
+ NON® R (Cgs+ B; + By — J) + NON@®® (Coy + By + By — J) +
0'2<W6+061+C62+063+064+B'+B'+B —I—Bt—QJ) =
T(T +o ) Ce1 + (N(Q)N(S) (1)* +o ) Coa + (N(l)N(S) (2)* +o ) Co3+

NON®GE? 4 ;2 >C64 n (TU + NONG G 4 5 )Bi+

+ (
+ (702 + NONO@” 4 62) B; + (To2 + NONDE’ 4 62) Byt
n (N<2>N<3> (L) L NONGI@ L NON@GE?® 4 )Bt—

— (To? + NONO®GV* L NONG @ | NONEGE® | 2a§> J + o2 Wy

16



with
Cé1 = Bijs — Bi— Bj — Bs + J

Cé2 = Bit — B; — By +J
Cos = Bjy— B — By +J
Cés = Bst — Bs — By +J
We=1—Cs1 —Csa — Cs3 —Ces — B; — Bj — By — By +2J

The spectral decomposition now is

020 = Ws + 01C61 + 02C62 + 03Cs3 + 04Co4 + 05B; + 05 B + 07 Bs + 03B, — 0] =
=1 —(1—61)Bijs — (1—65) Byt — (1 —03) Bjy — (1 — 604) Bgy + (1 — 61 — 0, + 65) B+
+(1—-61—03+0s)B;j+(1—60, —04+67)Bs+ (2— 03 — 05 — 04+ 03) B —
— (2=, — 0y — O3 — 04+ 0) J

with

0 o2
Toj +o;

2
Oc

*T NON®GD | o2

2

O

NONGD® 1 52

2

O

T NON@DT | o2
2
05 — e —
To2+ NANG g, 402

0.2

05 = <
" To2 + NON@®GP 1 2

2
€

" To2 + NON@GP 4 52

g

07

2
O

9 p—
" NONGGD L NONGR f NON@GD | 2

2
€

T To2 + NON®M  NON@ P + NON@GEY 4 252

g

B9
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Model (7)

And finally, for model (7) we get

3) (1) (2)

1 2
() 2 js T Vit T Uj

3
Wijst = Hij + s )

+ + Vg + €ijst
E[uu’] = UL1)2IN(1)N(2) &® JN(3>T + UELQ)ZIN(D & JN(z) &® IN(3) ® Jp+
-+ 0£3)2JN<1> ®Iyeone @ Jr + Uf)l)sz(l) ® Jyene @ Ir+
+ 01(,2)2«]1\](1) R Ine @ Inye & It + 053)2JN<1>N<2> QInep + JGQIN(”N@)N(S)T
leading to
Q= NOToW" (Cry + B, + Bj — J) + NOTo®" (Cro + By + By — J) +
+ NOTo®* (Cry + B; + B, — J) + NONGoD* (Cry + B, + B, — J) +
+ NON® G (Cos+ Bj + By — J) + NON® 6O (Crg + B, + B, — J) +
+062(W7+C71+C72+O73+O75+C76+Bi+Bj+BS+Bt—3J) =
= 02Wr7 4+ Cn (N(B)TU£1)2 + af) + Cr2 (N(Q)TU£2)2 + U?) + C73 (N(I)TU£3)2 + U?) +
+Cry (N<2>N<3>a§,1>2 + af) + Crs (N<1>N<3>a§,2>2 + af) +
+ Crg ( NON@GE? 4 af) 1 B, ( NOTD® 4 NOT?® 4 N@ NG 6" 4 Ug) n
+ B, (N<3>Ta,§1>2 + NOTe®* 4 NON®G? 4 af) +
+ B, (N<2>Ta§?>2 + NOTe®"  NON@ G af)
+ B, ( NONG D 4 NONG 2 | NONE) B | 0?) _
_ J( NOTGD* L NOTe®* 4 NOT®® 4 NN ("¢

+ N(l)N(3)0£2)2 + N(l)N(2)0£3)2 + 30?)

with
Coi = Bij— Bi— B; +J
Cra = Bijs — B; — Bs +J
Crs = Bjy — By — By +J
Cra=By—B;— B, +J
Crs = Bj— By — B+ J
Cr6 = Bst — Bs — By + J
Wi;=1-Crn —Cro—Cr3—Cry —Cr5 —Cr6 — By — Bj — By — By +3J
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The spectral decomposition now is

o?Q7 = Wy + 0,Cq1 + 03Cq0 + 03CT3 + 0,Cry + 05C75 + 05C6 + 07B; + 03B+
+09Bs + 010B; — 011J =
[ — (1= 1) Bij — (1 — 6) Bis — (1 — 0) Bys — (1 — 64) Biy — (1 — 5) Bji—
—(1—06)Bst +(2—01 — 0o — 04+ 07) B; + (2 — 01 — 03 — 05 + 0g) B+
(2= 0 — 05 — O+ 0) By + (2 — 04 — 05 — 06 + 010) By —
—(3—01—0y—03—04—605—06+011)J

with

2

O

B NOTeM + 52

2
€

B N(2)TJL2)2 + 0?2

2
€

B N(I)Ta,(f’)2 + 0?2
2

g

g

o

T NON®D {2

2

O

T NON®D {2

2

O

T NON@P {2

o2
T NOTD  NOToR + NON®D’ 4 52

o?
T NOToM £ NOTe®  NON@GRY 1 o2

o?
T NOTeD L NOTe® L NON@ D 52

o?
T NONGLD L NONGLE? | NON@GB? | o2
o?

0.1 =
BT NOTeD L NOTD L NOTe L NO NG 4 4

A=NONGR" L NONEGO?® 4 352
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3.2 Estimation of the Variance Components

In order to make the GLS estimator feasible we need to estimate the variance
components of the different models. Given the four dimensions this quite tedious
and unfortunately there is no way to go around. This is done below for all models in
two steps. First, using the appropriate Within transformation for each model which
cancels out the specific effects (see Matyas and Balazsi [2012]), identifying equations
are derived for the unknown variance components. Then, using these identifying
equations, estimators for the variance components are derived one by one.

Model (1)

The Within transformation that cancels out the specific effects for this model is
uijst—ﬂi—ﬂj —ﬂs—ﬂt+3ﬂ:t€i]‘5t—€i—€j — € — € + 3€

which leads to the following identifying equations

2N(1)N(2)N(3)T ~NO _NO@ NG _T 13
€ NONQNGT

FE [(uijst — U; — ﬂj — Ug — Ut + 371)2] =0

E[ufju] = E [(m oy s+ A+ eijst)z} —on 402 +o,+o05+0!

o

1 o i 1 o
<T 2 uz’jst> =F <T Doty +as+ A+ eijst)> =
t=1 t=1

T ;
= B[]+ 1]+ Blol) + 1B | 08|+ 7 |3l =
—0’ —l—a —l—a —|—la>\—l—1 52
T T

_ i T . 1
E N(l) Z Ujjst N(1)Uu +a —|—a —|—o‘>\ + N(l) 2

[ N@ 2
E N(2) Z Wijst =0, + Nl(z) +ogt+ox+ INOM
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So the appropriate estimators for the variance components are

A2 NONC NG)T
Te = NONONGT _NO _N@ _ NG —T T3 Uy ithin Qwithin
N® G N N

a-i (N(l) — 1 N(Q)N(:”)T Z Z Z Z Uijst — N(l) Z uzyst

NO NG 7 [ N® N® )

&3 N(@) (N(2) _ 1 NOT Z Z Z Z Wijst — N(z) Z Uijst

N@D @) B

N T 1 T ) )
UizN(l)N(2)N(3) T-1) ZZZ zt: ijs T(Z}Umst) — 62

N @ NGB

= N(1>N(2)N(3)T Z Z Z Z Wijst — 53 — 63— 67

Q»

where the “within” index means that it is the residual obtained from the appropriate
Within estimation of the model.

For cross sectional data only, the Within transformation that cancels out the
specific effects for this model is

uijs—ﬂi—uj—ﬂs+2ﬂ:€¢js—€¢—€j—€s+26
which leads us to the following identification equations

NONCNG — yO) _ N@) — NyB) L9
E [(uijs — U — Uj — Us + 271)2} = 052 -

NONE@)NB)
E [ufjs} = O’i + U?Y + 02 + o2
[ N 2] . .
FE N(l) ZUUS N(l) M-l—a -|—U +a>\+ N(l) 2
N 2] . .
E (2) Z Ujjs = O'i + N J,y + O' + U>\ + N(2) 2
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Thus the estimators for the variance components are

.9 NONE)NBG)
% T NONONG _ NO - N@ _ NG) 19 UnyithinQwithin

N NG [ ND . N 2
5 2 - a2
T = (N(l) — 1 N(Q)N(3) Z Z Z Uijs N Z Uijs O¢

NO NG [N@ . N @) 2

~92 .9 9
o= N (N(2) — 1 N®3) Z Z ; Uijs = N @) Z Uijs —0e

N NG NG

"= N(1)N(2)N(3) Z Z Z Wijs _‘33_&3_63

Q»

Model (2)

The Within transformation now is
Ujjst — Ujjs = €ijst — €ijs
The identifying equations are

E [(Uijst - ﬂz‘js)z} =F [(Gijst - Eijs)Q] = E (€4 — 2€55tEijs + €35 =

2 2
E [u*ijst} =FE [(Nij + €ijst) ] =FE [M?j} + B [Gf?jst] = Uz + ‘762
So the estimators for the variance components are

~2 T A/
O = 1 wzthanIUZthln

T —
NO @ B

53 N(l)N(Z)N(3)T Z Z Z Z Uijst — Oe

Model (3)

The Within transformation is
Uijst — Uijs — Ut + U= €550 — €jjs — € T €
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which leads to the following identifying equations

E [(Uijst — Ujjs — Ut + 6)2] =LK [(Gijst — €ijs — € T 5)2] =
=F [ zgst} + E[ 138} + F [Eﬂ + F [62} —2F [eijstéijs] —2F [eijstét] +
—+ 2F [Gijste] + 2F [Gijsgt] —2F [gijsg] —2F [Etg] =

B 1 1 1 , 2, 2 2,
=0T 70t FONON® O T NONONOT ~ 70 T NONOND e
2 2 2 2 2 2
T NONONGT T NONONGT T NON@NGT
2 s o (NONONG — 1) (T —1)
— cf=o0
NONCNGT € € NONCNG)T
The estimators for the variance components now are
NONC) NG
62 i,

< (N(l)N(Q)N(B) _ 1) (T — 1>uwithinuwithin

N @) B3

T
0 = N(l)N(2)N(3)T T—1) ZZZ (;Uat> Z Uijst

NO @ B

g\ N(l)N(Q)N(?))TZZZZ ijst _5-?

Q>

Model (4)

The Within transformation now is
Uijst — Ujj — Ujs — Ujs T U +Uj +Us — U
The identifying equations are
E [(uijst — Tgj — Tgs — g + Uy + Uj + Us — u)z] =
2N(1)N(2)N(3)T _NONEC _ NONG) - NQONBG) £ N L N2 4 NG 1

€ NONCNGT
E [u?jst} = 021)2 + 022)2 + O'LS)2 + 062
[ N 2] .
E N<1> Z Uijst N<1> oV + N(l)U(Q) +o® 4 N<1>U€2
[ N® 2 .
E N(z) Z Uijjst = WU(I) + 0(2)2 + WU(B)Z + WO’?
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The estimators of the variance components now are

5_2

NONC NG

NC 1

N®@ G

Tu= = NON@NGT (ND —1)

~(2)? _ 1

5

N G

v T NONONGBT (N@ 1)

NO @ NG

N

E Ujjst
i

N2

E Ujjst
J

c T NONONGT -_NON®R - NONG) — NONG + NO + N@ + NG) —

2 N0

- § mst
2 N®

- § Ust

AELI)Z N(l)N(z)N(B)T Z Z Z Z Uijst &£t2)2 B &ELB)Q B &62

For cross sectional data only, the Within transformation now is

Ujjs —

The identifying equations are

E [(Uijs — Uij — Ujs

- ﬂis

— Ujs + U; + U; +ﬂ5—ﬂ)2]

— Ujs + U; + U + Us

—u

~/ N

2N(1)N(2)N(3) ~NONC - NONG) - NONG) £ NO) 1 @) 1 NG 1

Ve

N(l)
L N(l) Z Uijs

N2
B N(z) Z Uijs

2

N(l)

1
“N®°

NONER)NGB)
B lufy] = ol + o 4o + o

Lty L@ @y

(1)

N(l)

+o@ 4

m
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And so the estimators of variance components now are

) N NE) NEG)
c T NONONG - NON®@ _NONG _NONG + NO + N L NG 1

Q>

~/ N
X Uit hin Ywithin

. N® NG N 2 N0
5(3)" — _
Tu NONCNG) (N(l) _ 1 Z Z . Uijs Z Ugjs
1 N N3 N2 2 N ()
5(2)° — _
7n T NONONG (N® - 1) Z Z _ Yijs Z Ui
J

N @ NG

A(1)2 A(2)2 B A(3)2 L,
M N(I)N(Q)N(g) Z Z Z ZJS JM JM o,

Model (5)

The Within transformation now is
Ujjst — ﬂij — Ujs — ﬂjs — Ut + Uy +ﬂj —+ Ug
The identifying equations are

E [(Uijst — Ujj — Ujs — Ujs — Ug + U; +U; + ﬂs)Q] =

2N(1)N(2)N(3)T ~NONC _ NONG) - NONG) 7 NO 1 N ¢ NGB)

= e NONGONGT
Elul,] =0 +0@ + 0@ 403 + 02
1 2 2 1 1
E <T ;uwst) = 0(1) +0'(2) -l-O'(S) + TO' + T
A ’] 1 1 1
o1’ @2 (3)? 2
E (N(l Z Uijst =m0 T N tou + 03 + 70
N©) ’] 1 1 1
02 _(2)? (3)? 2
E N(z) Z Uigst | | = @k To% T ymou T ox+ N@
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The estimators of the variance components now are

9 NONC NG

e :N(I)N(Q)N(g)T —NONE - NONG) - NNG) —T + N1 + N @) + NG) wzthuwzth

N N2 NGB

2
o3 = N(1)N(2)N(3) ) Z Z Z Z Ugjst — <; ﬁia‘st) — 6!

N@ NGB N N

65))2 N(I)N(2)N(3)T (N —1) Z Z Z ; Uigst | — Z a?jst -0}

NO NG N® 2 N
~ 2 . ) .
E‘Q) N(l)N(2)N(3)T (N(z) _ 1 Z Z Z Z Uijst | — Z u?jst - Ui
J J

NO @ B

* = (22 _ (3 _ a2 a2
i N(l)N(2)N(3)T Z Z ZZ Uijst — Op O O\ — O¢

Model (6)
The Within transformation now is
Wijst — Wijs — Uit — Ujp — Ust + Uy + Uj + Us + 2Up — 20
and the identifying equations are
E [(uijst — Uijs — Uit — Ujp — Ust + Us + Uj + Us + 2Ug — 2@)2] =
NONCNCT - NONC NG - NOT - NOT - NOT L N 1 N2 £ NO) o7 _ 9

NONCNGT
E[ufjq] = o+ ol + ol +0f" + o2

2
1 1 1 1 g2 1
Zu@]st> =05+ 50 oD’ + 50 (" + 5ol +

2
O

NOTr T D N e

1 1 1
_ y - (1)? (2) (3)? o2
N©@ Z Uijst = N® O‘# ‘o, + N(2) +oy + N@ o,

2
N®
1 1 1 1
B ( Z Uijst = o2+ cW* 4 0(2) + 0(3) + o2
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The estimators of the variance components now are

22 NONCNG)T
7e T NONONGT - NON@ONG) — NOT — NOT — NOT + A Wyithin Qwithin
with A=N® 3+ N@ £ NG Lo 9
N N@ NG T 2 T
~92 . -
T = N(l)N(2)N(3)T —1) Z Z Z (Z “ijst> - Zuijst
t t
N®ON® 7 [ND L[ 2
5(1)? _ o1 - s
Tl T (NO — N<2>N<3>T Z DD | 2 B N Uijst G5 —6;
s t 7 i
N NG N(®) . N 2
@7 — o1 - T
To N@) (N(2) _ 1 N®T Z Z Z Z Wijst N(@) Z Wigst 0, —0¢
t j 7
NO N@ NG
~ (3)2 . ~2 A (1)2 oA (2)2 _ ~9
v N(1>N(2>N<3>T Z Z Z Z Ujjst = Oy — Oy oy 67
Model (7)

The Within transformation for this last model is

Wijst — Wij — Uis — Ujs — Uit — Ujr — Ust + 2U; + 2U; + 2Us + 2U; — 3U
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The identifying equations are

E [(uijst — Uij — Ujs — Ujs — Uit — Ujp — Ust + 2U; + 2U; + 2Us + 20Uy — 3u)?| =
2N(1)N(2)N(3)T ~NONE@ _ NONG) - NONG) - NOT - NOT - NOT 1 A
€ NONCNG)T
with A =2N® 4 aN® 4 aNG) L o7 — 3

Eu,] = a&l)Z + JELZ)Q + 05’)2 +o(V* 4o 4 5B 4 52

178t
[ N 2
E Zu :Ld(l) + - 0(2) -l-O'(S) + ! (1) +0'(2) -l-O'(S) + ! o?
(1) ijst N@ N N7 N e
[ N® 2]
E Zu . 0(1) +0'(2)2+ ! (3) -l-O'(l) + - 0(2) -l-O'(S) + ! o?
N(2> ijst “N® N7 N©@ N@ e
- N ’] 1 1 1 1
_ (1)? (2)2 (3) 1?2 | (2)? 32, L 2
E N(3> Zumst o+ ol ol ol o+ 1mol? + wEo
[ N N@ 2 . . . .
v (1)2 (2)2 (3)2 o (1?
E N(l) N©@ Z Z“W S NON@% TN T y@% T ymoe T
Y 1
@2, @3, L 2
+ N(Q)J + oy + NON®@ o;
2
N N3
1 2 1 2 1 2 1 2
oV g o®) e
N(l) NG Zl Z“W = No% TNoON®%h Ty®e T ymoe T
@2, 1 @, 1
+ o, + NG oy’ + NONG o;
Finally, the estimators of the variance components are
9 NONC NG
7 T NONONBOT _NON@ - NONG) — NONG) 1 A UpithinTwithin
with A= —NOT - N7 - NOT 4 oND L oN®) 4 oNC) 4 o7 -3
537" = ! X
v NONCNGT (N(l) — 1) (N(Z) — 1)
2 2 2

NG N@DO N2 NO /N2 NO @)

ZZ ZZ Uijst ZZ: zj:ﬁijst —Zj: zi:aijSt + zi:zj:ﬁijst
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@2 _ 1

oy’ = NONONGT (N —1) (NG —1) %
N® 17 [ ND NG NO /NG 2 N® /NO 2
X Z Z Z Z Uijst Z Z Uijst | — Z Z Uijst | +
J t % s 7 s s %
S _ 1 .
T NONRQNOGT (N(Z) — 1) (N(3> — 1)
N® T N® Nn@G N®@ [ NG 2 N® [ N2 2
X Z Z Z Uijst Z Z Uijst | — Z Z Uijst |+
) t j s j s s J
. N® NG T N 2 NO
~(3)? _ h _
v T NONONGBT (N —1) Z ; ; _ Wijst Z Wijst
. NO NG T N@ 2 N®
~(2)% _ o _
ou = NONONGST (N® —1) Z Z ; _ Yigst Z Wijst
7 s j

NO @ NG

N NG

E E Ujjst
7 s

N® NG

§ § Ujjst
7 s

— 5@

— 5

53

53’

~(1)2 A2 A(3)2 A2 A2 A(3)2% a2
UEL) N(l)N(Q)N(?’)TZZZZ ijst EL) _UEL) —o) — el — el o

3.3 Covariance Matrixes of the Models with Cross Correlations
Models (2), (3) and (6)

Both for models (2), (3) and (6) we have

Elpijpi;] = onlye @ Jr+ pe) (Inor — Ive @ Jr)

Elpp;] = U;QLIN@)N@) ®@ Jr + p3) (Ine @ Ineyr — Iyene @ Jr) +
+ pe) (Une — Iye) © (Ine) ® Jr))

Elup'l = oIy ne ne @ Jr 4 pe) (Uvone @ Iyer — Ino e e © Jr)+
+p@) Unw ® (Iye) — Ine) @ (Iye @ Jr)) + pay (Iney — Inow) @ (I ye @ J7)

Thus, the covariance matrix of model (2) takes the form

Eluw/] = o7 Iy yene © Jr + p@) Ivo ve @ Iyer — Ivo yeve © Jr) +

+ p2) Iy @ (Iye — Ine) @ (Iye @ Jr)) + P(1) (Jnwy —Ina) @ (Une ne @ Jr) +

2
+ oIy N N T
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the covariance matrix of model (3) looks like

Eluw/] = o7 Iy e ne © Jr + p@) (Ivo ve ® Iyer — Ino yeve © Jr) +
+ o) (Inw @ (Ine — In@) @ (Ine @ J7)) + ) (Ine — Ine) @ (Ine ne @ Jr) +

2 2
+oxIyonyene @It + ol e Ne T

and finally, the covariance matrix of model (6) is

Eluu'] = UZIN(l)N(2)N(3) ® Jr + pE) Unone @ Iner — Inoye ye © Jr) +
+ @) Unm ® (Iye) — Ine) @ (Iye @ Jr)) + pa) (Ine) — Inay) @ (Iye) ye © Jr) +
+ 01(;1)2IN(1) ® JInyene Q@ It + 01(,2)2«11\](1) @ Ine ©JIye © Ir+

3)2 2
+ 01() ) Inone @Ineyr + 0y ne NG T

Models (4), (5) and (7)

The covariance matrixes of models (4), (5) and (7) are slightly more complicated as
there more variance components to take into account. The covariance matrix of model
(4) now is
Eluu) = o1 J M J — I J
[uu'] = o NONE@ @ INe T +,0(2)( N @I NG T NONE @ Iyer)+
2
+ p(1) (v —Iyw) @ (Iye ® Jyer)) + 0&2) Ino @ Ine @ Ine @ Jr+
+ p(2 Inw @ Iy neor —Iyo @ Iye @ Ine @ Jr) +

(
)
+ /?(1 ((JN<1> —Inw) @ Ine @ Iy @ Jr) + U£3)2JN<1> X Inene Q@ Jr+
+ p(2 ! (Iyw ® Ine ® Inory — Inw ® Ine v  Jr) +

(

+ p(l) Ine @ (Ine — Iye) @ Ine @ Jr) + UGQIN(l)N@)N(?»)T
For model (5) we get

E[Uu’] = g/gl)sz(l)N(z) ® JN<3>T + pgg (IN<1) ® JN(2)N<3>T - IN<1>N<2> (29 JN(3>T) +
—l—/)(l) ((Iyw ) ® (Iye @ Iyeyr)) + 0@ Iyoy @ Iye @ Iy @ Jr+
+ Pg% (I @ Iyeyveorr —Ine @ Iye @ Ine @ Jr) +
+ pg% (Iyo —Inw) @ Iy @ Ine & Jr) +
2
+ JL?’) Inw @ Ine e @ Jr + Pgi (Jyvw @ Ine @ Iner — Ine @ Inoyye @ J1) +

+ pg% (JN(1> ® (JN(2) - IN(2)) ®RIne @ JT) + 0§\JN(1)N(2)N(3) Q It + O'SIN(l)N@)N(B)T
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And finally, for model (7) we get the covariance matrix

2
Eluu'] = 0(1) Inone ® Ineyr + Pg% Uy @ Iy nver — Inone @ Iyer) +

+ p(l) (I

+ p(2 Inoy ® INone T

+ p(2 Ine @ Ine @ Iyep —

—Inw) ® Uy @ Iyer)) + U&Q)ZINu) ® JIne @ Ine @ Jr+

— Iy @ Iye @ Ine & Jr) +

(
)
+ /?(1 NIy = Inw) ® Iy @ Ine @ Jr) + 0" Tya) @ Ive ye @ Jrt
( In) @ Inene @ Jr) +
(

2
+ p(l) In @ (Iye — Ine) @ Ine @ Jr) + 01()1) Inoy @ Iy e @ Ir+

2
+ 01(, ) I @ Ine @ Iye @ It + 05)3) Inone @ Ineyr + 031N<1>N<2>N<3>T

3.4 Estimation of the Variance Components and Cross Correlations

Models (2) and (3)

The estimation of the variance components for models (2) and (3) does not change

in this case, but of course the cross correlation coefficients need to be estimated. For

model (2) the identifying equation are

2
N
1 5,1 5, NB-1
2 N(l) Z Wijst SN0t ym% T Ty PO
- ,
N2
1 5, 1 , N®-1
g N(2) Z vast | | = N@ % T N@ % T T N® PO
- 2_
N3
1 5, 1 , NO®-1
E (3) Z Uigst | | = N@ % T N®% T T NG PO
So we get
. N® NG 7 [N 2 . .
L - s2 52
PO = (NO Z1) NONONGT Z; Zl ; Z; st NO 1% NO 1%
J s = 1=
. NO NG 7 [N® 2 ) )
~ . ~ A2 ~2
0 = O ) NONENOT & 2 2 | T | T Fm Ty =1
i=1 s j=
NON® 7 /NG 2 . .
~ . ~ A2 ~2
P& = (N® —1) N<1>N<2>N<3>T 2 2; ; 2; Yt |7 NG — 17T N@ — 17
i=1 j= s=
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Turning our attention to model (3) now

2
1 N(l)
J— _ 2 2
i=1
1 N2 2] 1
E —N(2) Zuijst = N(Q)O‘M-FO‘)\'F
j=1
1 NG 2] 1
B || y@ 2 vist | | = y@ontoit
s=1
and so
N 1 X
P) = (N(l) _ 1) NONCNGT
N®ONG® 7 [NOD ’ 1
3D DILw
j=1 s=1 t=1 \ i=1
N 1 X
P2) = (N(z) _ 1) NONCNGT
NO NG 7 [ND 2 1
I 3D 3] oL
i=1 s=1 t=1 J=1
N 1 X
P3) = (N<3> _ 1) NONCNGT
NON® 7 (NG ’ 1
=1 j=1 t= §=
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Models (6)

In the case of model (6) the estimation of the variance components of € and p remain
unchanged (i.e., are as in the case of the model without cross correlation), otherwise

Efu}y] =02+ 0" + 6 + 0" + 0?2

N i 1 1 1 N 1
_ L W2 (2, (3)? 2 -
E (1) Z Uijst | | = %k T @m0 T TO Ry Te T ey P)
- ,
N2
1 2 2 1 N®@ 1
1) (27 4 53 2
- ,
N®)
1 1y 1 NG —1
(1) (2) o3 2
[ NO T 2
E Z S R A () SR LS g )
N(l)Tl < L st NO“w T NmT Y T T 7%
1, NO -1
TNO7% T T ND PO
NE i 1 1
_ L Loz, b @2 o 4 4?2
FE (2)T JZI ;uzjst N(2) O-/J‘ + TU + N(z)TUU + = T + N(z)TU€+
N® 1
T N P@

So we get for the estimation of the cross correlations and the variance components

) 1
PO = T (N — 1) NONONOT ¢
NON® | /NO T 2 5 /NO 2 .
x PIDILENY BB DL N =10
j=1 s=1 i=1 t=1 t=1 i=1
N 1
P2) = (T —1) (N(2> _ 1) NONQNGT
NO NG [ /n@ T 2 L /N® 2 .
555 511550 5L IS 31 b P i SRS
=1 s=1 J=1t=1 t=1 J=1



1 N® NG T ND N
A 2 ) .
01(’1) - (N(l) — 1) NONERNGT Z 231 Z N® Z Uijst — Z Uijst + 01
j=1s t i=1
A 2 ) .
1(’2) (N(2) — 1) NONCQNGBT Z Z Z N® Z Uijst — Z Uijst + P(2)
1= t j:1

NO @ NG

AQ(’?))? N(l)N(z)N(B)TZZZZ ijst 6 1(1) 61(12) — 6¢

i=1 j=1 s=1 t=1

2
N(l) N(2) T (3)
. 1, N® D
P3) = (N(?’) _ 1) N(I)N(2)N(3)T ; Z; Z Z Uijst NGB 1"# NGB —1 To

t

CON® e L g 1
NG —177 NG —177 NG —17%¢

Models (4)

For model (4) the Within transformation remains as for the model without cross
correlation, so the estimation of the variance of € is exactly as in section 3.2. Overall,
the following identifying equations can be derived

E [u2~ } = J/(})z + J/(f)z + 0133)2 + o2

YL

N 2

o) @2 4 o7, L o
£ N<1>Z see | | = gl e o+ gmols

N -1 @) ND -1

t—vo Pot yo o
NE 2 1 1 1
_ W2, (2)? (3)° 2
K (2) Z Wijst -~ N@ e to,’ + N@ T + N @) ot
N® -1 ) N® -1
v ot v o
NG 2 .
w2, 1 @2, 1 g 1
B N<3> Z Uigst | | = 0us ¥ N(B)“ + N(B)“ T @Ot
N® -1 ) NO® -1
tve ot ye Lo
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N N2

1 2 1 2 1 2 1
b e L o L2
E <1>N<2> Z Z“W NON® % TRm% T N@% T NOy® T

N -1y NV -1 o) N® -1 ) N® -1 g

+ NONE@) Pa) NO)NE2) Pa) N@) NI P(2) N @) @) P(1)
N NG 2 . .
_ (1)? 2)? (3)? 2
E N(1>N<3> Z Z“W N0 T NON® % T N®% T NoON® T
LD g ND -1 g NO -1 o) N1 g
NON®OPO T NON®H O T NON® @ T NONG L@
NENE i 1 1 1 1
oV I S 2
E N(2) NG Zl Zluw SN TN T NeON® % T NeON® T
j=1 s
+N(2)—1 M, N® -1 @ VO -1 oy NO 1
N @) NB) P(2) N@)NB) Pa) N@)NB) P(2) N©@)NB) P(2)
ND N@ NG 2 . .
_ (1)2 (22 (3)2
El yoNoN® N(z) NG Zl Zl Zl Uijst | | = yON@ %% T NON®E T NON®TE T
=13 S
1 ND —1 ND —1 N® —1
N 2 O @) o

NONON® % T NONoON® O T NONON® O T NONO NG @)
NP -1 g N® -1 e N® -1 e
T NONON® PO T NONON® L@ T NONO NG L@

Altogether we have 8 identifying equations but unfortunately 9 unknown variance

components and correlation coefficients. These cannot be estimated without further

2
restrictions on the parameters. Let us impose the additional assumption that O'( )

2 2
Uf?) = Uff’) O’Z. Under this assumption we need to estimate only 7 unknown

parameters. From the first identifying equation

N N2 B

)T
1
A2 Lo
Op = 3N(1)N(2)N(3)T Z Z Z Uijst = 3%
=1 j=1 s=1 t=1
Notice however, that the above identifying equations 5 — 8 are, unfortunately, linear
combinations of the equations 2 — 5. This means that we need to impose further

restrictions on the model. Let us assume, in addition, that

2 '_./ ._./
o, t=1iandj=j

INe! p i =1 and j # j’
Elu i) = POt T
p) 77 and j=j

0 1#1i and j #£j'
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ro-u
Ep?uD) =4 PO
P(3)

L0

ro-i

3 3

Eluf u{)] = ¢ )
P(3)

L0

i=1 and s = ¢
i =1 and s # s’
1#1i and s = ¢
i #1 and j # j'
j=7 and s =5
j=j and s #
j#j and s =5

1#1i and j #£j'

Now, the identifying equations take the form

2
N
24+ ND 1, N1
b N(l) Z vigst | 1= TNm et ym et Ty Pt
v N aive 1, e
b N(2) Z vt | | = Ty et ye %t Ty ot
N N B B v N
b N(3) Z vigst | | = Tym Te T @ %t Tye Po T
So we get the following estimators for the cross correlations
1 NO NG N2
P = SNONBNOT (N@ — 2; Zl ; 2 igst
% s J
1 N @ N3 2
+ Usjst
2NONRNGT (NG) — 1) a5 \=
. NO NG 7 [ND 2
T ONON@NGT (N — 1) 4 2 Higst

<N<3> +2 N® 42

NO_1 T N® 1

S 1 1
"o \Ne -1 TN o1
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N @) NG
. 1 3 52 N® +2 so 1
P(2) = NONQNG)T (N(3) 1 Zl Zl ; Zl Uijst uN(3) 1 Te NGB —
=1 = = s=
. NO NG 7 [N® 2 NG 4o .
A 17 5 27
P3) = NONQNG)T (N(z) _ 1) Z Z Z Wijst HN(Q) 1 Oc N@) —

=1 s=1 t=1

Models (5)

Let us continue with model (5). Like for the previous model, the Within transfor-
mation is still as for the model without cross correlation, so the estimation of the
variance of € and that of A remains as in section 3.2. Making the same assumption as

above for model (4), the identifying equations now are

E[ufjst] = 303 + 0% + o2
[ N ] 9+ N 1 ND _1 NO —q

E (1) Z Uijst = Wai + Ui + N(I)JS + N p2) + Wﬂ@)
[ N® ] 94 N@ 1 N®@ _1 N®@ 1

E N(2) Z Uijst = ng + Ui + N 03 + N@ Py + Wﬂ@)
[ N® ] 91 NG 1 NGB _1 NG —1q

2| v Z wigs | | = @ Ot AT g@ et T ym Pot T ym Pe)

And so this leads to

N NG NG

T
. 1.
Uz 3N(1)N(2>N(3>T Z Z Z Z WUijst — 3 gaez

i=1 j=1 s=1 t=1
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N NG N®@

P(1) = INO N NG)T N(2) -1 Zl Zl ; Zl Uzyst +
1= S 7
1 NO @ p N®
+ INO N NG T (N(3) _ 1) v ; 2 52_31 Uijst
1 N® NGB N®
" ONON®ONGT (NO — 1) ; 2 ; 2 e
L1 (N® 42 N@ 42 NO42) 1/ NGO . N®  NO N
_U O \N® 1 " N@® -1 NO 1 0)‘5 NG 1" N1 NO _71
o1 1 n 1 B 1
Tl \N® 1 T N® 1T NO 1
) L S (S, ) N2 N
P2) = NONQNGT (N(S) _ 1) . L ; Z:l Uijst ”N(S) 1 a/\m_
1= ]: = S=
1
/\2 ~
T NG -1 PO
NO NG N2
1 ) ,N@ 42 NO
/)(3) NONCNGT N(2) _ 1 Z Z Z Zl Uijst /J/N(Q) 1 O'Am—
]:

_A2
Oc

1

N@ _q — hq)

Models (7)

i=1 s=1 t=1

Finally, for model (7), making the same additional parameter restrictions as for models

38



(4) and (5) we get the following identifying equations

E[“?jst] = 303 + 01(,1)2 + 052)2 + 053)2 + o2

2
1 1 2 1
E i iis — (1) (2) o3 -2
(th_;ujt> = 302 -|—T +T” +T” -1-TU6

N 2
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Ty ot yom e
2
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24N L ar Lo e ]
E N<2> Zuw =~ o +ao + @0 o0 e o’
N® 1 N® 1
Ty POt e e
N ool ne 1
_ 47 12 _(2)? (3)2
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t—ve POt e e
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which lead to the following estimators

1 N N@ NG T 2 T
e = s | =0
T = 3N(1)N(2)N(3)T(T 1) ((Z uzgst) Zumst

1 N @ NG

(NO — 1) N@ONBIT ¢
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1 N NG 7 [ND 2
B Z Uijst |+
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2
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Po) = JVUUV@HV@iT(N@>—1)Z_lggtzl 8_1a”“ __&i%;;{?%_
N ASJV(B}_-1 o -l _'?V%§5553f P
W NG N 2
Py = Nu)N(z)N(;T (N®) - Nzljvzli leu”“ *ﬁgf
— 2y — O = o =6 —

4. T Unbalanced Data

Just a reminder: we are considering here the 7' unbalanced case when i =1, ..., N1,
j=1,.N® s=1,.. . N®and t=1,..,Tis
4.1 Covariance Matrixes of the Different Models
Models (1)
For this model we have
Uijst = i +Yj + s + A + €5t
So we can build up the covariance matrix in the following way
Uijs = 1t; @ lry,, + 7 @ lry,, + s @ Upy, + A + €4js
Elugsu'sjs) = o0 dr,, +02Jr,, + oadr,, + oxlr,, +ollr,,
uwzm®5;ﬂﬁ+%®5lﬂﬁ+%fhw+qj
Euju'i;] = UiJZS 7. T U?YJZS 7. T 02 A +03Dyj + JSIZS T,
u; = ,ui®lzjstijS + i+ @+ A e
Eluu';] = JzJZj S T + O',QYBZ' +02F;; +03D; + UEIZJ- S T
U=j+5+a+A+e
B/ =0.C+02B+0.F+03D + 062121_ S Y. .

where

1 1
_, [ Sy V5] Mm2 ... 2 /J’EV) ,Ll,gv)
W= ZH/_/ —— ———

; ZS Thjs times Zj ZS T35 times Zj ZS TN(l)js times
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0 J 0
C = Zj ZS T2js
0 0 e JZJ ZSTN(l)jS
(2) (2)
- Y1---71 Y2 .. -2 YN - IN
Zs T;1s times Zs Tios times ) TiN(z)s times
’?/ = (ﬁi?ﬁé? "'76/;\](1))
JZS Ti1s 0 e 0 P4 Ps ... P yo
0 JZ.TZ»QS 0 Py P, Pz,Nu)
B; = é , B= . . .
P, P ... P
0 0 JZS T @), Nm 1 w2 N N
where
J(ZS TilsXZS Tpls) 0
0 NS, T2ex 3, 1)
Pip= .
0 0 R |
(ZS TiN(2)s XZS TpN(2)s)

—_— Y—

Tijl times Tji2 times TijN(3) times

<a1...a1 Qo ...009 ... aN<3>...aN<3>)

~ ~/ ~ ~

! / ! (= =/ ~/
Oéi - (041-1,041-2, ""aiN(2))’ o = (041,052, ""aN(l))

Jr,, 0 ... 0

0 JTij2 o 0
Ajj = ) i )
0 0 o JTijN(B)
J(Tijl X Tp11) 0 0
iy 0 J(TijZ XTpi2) 0
sz =
0 0 R |
(Tz'jN<3> prlN@))
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Fi,p -

KN'(2)71 KN.(2)’2 KN(2')7N(2)

i,p i,p T i,p

N/
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N1 (X1 N/ N/
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1 0 0
1 0
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0O 0 ... 1
————
Tijs
1 0
/ 1 0
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Tipr
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Mrp o
132Xngs
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Models (2)

This is a slightly simpler case than model (1) above. We have
Uijst = Mijs + €ijst
So we can build up the covariance matrix in the usual way

Uijs = Mijs @ lry;, + €ijst
E [uijsugjs] = O'ZJTZ.J,S + JSITMS
Uij = flij + €ij
E [uijug;] = O'iAij + 062]23 T,
Ui = fl; + €
Euuf) = o0 A; + af]zj S 7,
u=j+e€

Euu'] = UZA + USIZ»Z»Z Ty

where
o gz’ﬂ .. -,uijL Hig2 - -/Jz'j% cee M NG - i NG
:ulj Tijl\trimes TijQ‘t’imeS TijN(;), times
ﬁ; = (ﬁ;bﬁ;Qa---,ﬁ;S)v Ia, = (ﬁ/17ﬁ/277ﬁé>
A 0 - 0 A 0 - 0
0 A ... 0 0 As ... 0
A; = ) . ) , A= . . )
0 0 . Ao 0 0 . Ayorne
Model (3)

Now we have
Uijst = Hijs + At + €ijst

We have already derived the covariance matrix of ;5 in model (2) and A; in model
(1). Thus for model (3) covariance matrix takes the form

Eluu] =0, A+ 035D + UEIZ_ S5 T
2 J s
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Model (4)

The composition of the disturbance term now is
1 2 3
Ujjst = ng) + uﬁs) + u§-5) + €ijst

So we have

wijs = iy © . + ) @ by, + 12 @ Uy, + iy
G

E [uijsu’ ] = O'lgl)2JTijS + 0'122)2,]1“”8 + O-l(,bg)ZJTijS + O'SITMS

1 ~(2 ~(3
wy =iy ® Iso oyt iy + iy + ey

E [umu;J] = O'lgl)zjzs Tije + 0&2)2142‘3‘ + 0'123)21413' + O‘?IZS Tije
i = il + i + i + e
=075 2?p (3)% 4. 2
Eluw] =0, Bi+ 0,7 Fii+o,” Ai+o¢ IZj >, Tige
u = Ia(l) + ,LNL(Q) + [L(3) + €
Blu] = oG+ o Lt ol M + 0215~ 5~ 5~ o

with @ @ @ @ 2) 2)
[L(Z) (M B par Bz By o Bine)
1] T;;1 times T2 times TijN(;), times
_2) _ (~(2) ~(2 (2
;= ( 1('1)7%(2)7'--7#1(-]\;(2))
~ ~(2) ~(2 ~(2
/J’(Z): < g)hug )7"-7:u§\]21))
(3) (3) (3) (3) (3) (3)
2 I T SRR IO RRIY It
(%) Tijl‘t,imes Tijzzmes TijN(;)r times
~(3) _ (~(3) ~(3) ~(3)
i = (Nz‘l sy Mo a---a,uiN(z))
~ ~(3) ~(3 ~(3
:u(g) = ( g )7”g )7"'7/Lg\]21))
1 1 1 1 1 1
(1) éLz('l) - -#51)1 . -#52)4 #EN)@) ---NEN)@)
Zs T;1s times Zs Tios times ZS T, (2), times
~ ~(1) ~(1 ~(1
/J’(l) = </~l’§ )7/~Lé )7 '“7/“”5\[21))
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and

B, 0 0 Fip 0 0
0 By 0 0 Fs 9 0
G — 9 L - .
0 0 ... Bym 0 0 FN(l),N(l)
J(T¢11><Tp11) 0 . 0
0 J(T¢12><Tp12) . 0
Lip= .
0 0 o J(Tm(z)N(s) prN<2)N(3>)
Zl,l Zl’2 PN ZLN(l)
ZQ,l ZQ’Q PN ZQ,N(l)
M = )
ZN(l),l ZN(l),Q o e ZN(l),N(l)
Model (5)

The disturbance term is now structured as

(1) (2) 3)

Wijst = My + s + Hjs + At + €ijst

Given that we have already derived the covariance matrix of ,ul(-;), ,ul(.i), and ,ug.i) in

model (4) and A; in model (1), for covariance matrix of model (5) we get

Blu] = o{"G + 0" L+ o[ M+ 03D + 021y s 5~

Model (6)

The disturbance term now is

Uijst = Mijs T Uz(tl) + Ug('f) + Ug) + €ijst
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so we get for the covariance matrix
Uijs = fijs @ l,;, + o 0(2) +o® 4 ey,

=0 JT —1—0'(1) It —I—O'(Q) It +U(3) It —|—0’2IT

Z]S] ijs ijs ijs ijs ijs

(1)+v(2)+v(3)+€

E [uwsu
Uij = fij + 0
E [ugjuj;] = 0, As; + oV’ Dy; + 0@’ Dy + 053)2125 T, F USIZS Tije
wi =i+ o) + 50 + 5P e
E [uu)] = 03141' + agl)ZDi + 0782)2R} + 053)2]\71,1 + Uezfzj > Tije
w=j+0oM +5@ 450 4¢
> 2 >
Blu) =034+ 0l H 4 o("Q 4 oV'N + 025~ 3~ 5~ o

where
5 = (oo oDl Y0 = (5050t
50 = (50,58, ., 5, )
2 = (o, o e @ Y e = (6250
2 — ( @ 52 7~]<V2(>1))
39 = (Ugfp,.. ol s, .,U;;)m,...,vg”gg)l,...,05323)TW3)), o9 = (59,59, .58
and
D 0 0
0 D, 0
H = : :
0 0 D;(\})
Mr,; 01,
Eé: MTJ2®TUS ) Déj:(Ei7E27 EN<3>)

MTijN(3)®szs
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(1)
DL 0 ... 0 R} R? ... RV

1
l 0 Dby ... 0 R\ R ... RYV
0 0 D! R.. R2 RN
iN(2) N N N
MmeTsu 0 o 0
; 0 MTijZXTSQ o 0
Si, = .
0 0 - MTijN(3) xT | (3
1,1 1,2 1,N®
Si,s Si,s t Si,s
2,1 2,2 2, N®
N — Sis Sis N
1,8 —
N.(2),1 NE2),2 N(2;,N(2)
Si,s Si,s c Sz S
Nl,l NLQ Nl,N(l)
N2’1 N2’2 PN NQ,N(l)
N = )
Nyw 1 Nywa oo Nyoy nm

Model (7)

The disturbance term now is

Uijst = #531 )+ Mg) + ugi) + Uz(tl )+ Uﬁ) + vﬁf) + €ijst

Fortunately, we have already derived the covariance matrix of ,LL(-l-) ,ul(-i), ,ug-?;), vfj ),

1] )
(2) (3)

v, , and vy previously, thus for model (7) the covariance matrix takes the form

Eu/] = Uﬁl)ZG n af)zL n af’)zM n 0781)2H n 01(,2)262 n 0783)2N + 062[2» S 1y

4.2 Estimation of the Variance Components

Just like in the balanced case, the estimation of the variance components is carried
out in two steps. First, some identifying equations are presented, then, based on
these, estimators for the different variance components are derived.

48



Model (1)

The identifying equations are the following

E[u},y] =0) 402+ 02 +03+ 07

178t
_ s 27] 1 1
2
E N(I)ZUZ]St N(l) M—i_o- +U +U>\+N(1)UE
[ N@ 2] X
R 2 2 2 2 2
E (2) Z Uijst =0, + N©@ oy + 0, +ox+ N o3
- o 27 1 1
2
B N(3) Zu"ﬁt _U +U +WUO‘+U>‘+—N(3)UE
[ N(l) N(2) N(S) 7._73 2
b N(l)N(2)N(3) Z Z Z J Zuust =
i=1 j=1 s=1 l s

1 1
ag+az+ai+<o§+03>m.§; 227,

These lead to the following estimators

0° =

1( N N®@) NG NONE NG
€3

NO @ NG Ty,

P I IP I
. N NE NGO T, N 2
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Using the identifying equations
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Model (3)

The identifying equations are
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Model (4)

The identifying equations in this case are simply

And the estimators are
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Model (5)

The identifying equations now are
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Model (6)

The identifying equations for this model are
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And finally, the identifying equations for the last model are
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4.3 Covariance Matrixes of the Models with Cross Correlation

Let us turn now our attention to the models with cross correlations. For models (2),
(3) and (6) we have

BElpijpi;) = JZAij + p3) (Inyer — Aij)
Eluip] = o Ai + py (Bi = Ai) + p2y (Fii — Ai)
Elup'] = 02A+ pe) (G — A) + peay (L — A) + pary (M — A)

Thus the covariance matrix of model (2) takes the form

Eluu'] = O'ELA +p) (G = A) 4+ pey (L —A)+ pay (M — A) + Uglzi % T
the covariance matrix of model (3) looks like
E [uu'] = O'iA—l-,O(g) (G—A)+pe) (L —A)+pa) (M — A) +0’§\D+0’312i > T

and, finally, the covariance matrix of model (6) is

FE [uu’] = UZA + P(3) (G — A) + P2 (L — A) + P(1) (M — A) +
(1)? (2) (3) 2
+ 0y H+Jv Q+Jv N+UEIZ¢ZJ'ZSTUS

In the case of models (4), (5), and (7) we have for u( )
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[ g 1 P(2) Zj > Tigs

~ 1\ 2 1 1
E[iViY ] = ofV°G + py) (C = G) + p) (B~ G)
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for fu;;
B = oL+ 3 (€ 004 4
and for N;i)

~(3) ~(3)’ 2 3

AR = o+ 42 (45, — )
~ - 4 2

EaPu? ] = ‘7;23) Ai + Pg% (B; — A4;) + 08 (Fii — Aq)
(3) ~(3)/ 2

E[p® @] = oM + p3) (B = M) + pJ) (F — M)

So the covariance matrix of model (4) now is
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for model (5) we get
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and, finally, for model (7) we get the following covariance matrix
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4.4 Estimation of the Variance Components and Cross Correlations
Model (2)

The estimation of variance components of € and i remain as in the model without cross
correlations, but the cross correlation coefficients themselves need to be estimated.
In this case the identifying equations are
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Model (3)

The estimation of the variance of u remains the same, as above, however it changes

for other variance components. Now the identifying equations are
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Model (6)

Again the estimation of the variance of p remains unchanged, but we need, of
course, to estimate all the remaining variance components and cross-correlations.

The identifying equations now are
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So we get the estimators of the cross correlations and the variance components
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Model (4)

For models (4), (5) and (7) we make the same assumptions for the variance compo-

nents of uﬁj), ug?, ugi) and for covariance parameters as in the balanced case.

For model (4) we have two new identifying equations with respect to the balanced

case
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The remaining identifying equations are the same as in the balanced case. Thus the
estimators of the cross correlations are
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by simple algebra we get
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Moreover, this model we have the same identification equations as in balanced case,
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5. Conclusion

In this paper we derived several four-dimensional random effects panel data models,
suited to deal with economic flow type data like trade or FDI. All necessary tools
have been introduced in order to be able to implement these models using standard
econometric/statistical software packages like Stata or Matlab. Higher dimensional
panel data sets, however, can become very large, very quickly. Even for smaller data
sets, the number of observations can be in the magnitude of 10* — 10°, but can easily
reach 10°. This is translated into huge computational resource requirements, both
in hard drive capacity and CPU time. Typically, the models and methods presented
for the balanced case (when closed form spectral decompositions are available) can
be used when the data is of the size 10°. However, when the data set becomes bigger

or unbalanced methods and models need to be used, resource requirements can be
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forbidding. The main difficulty is that in the case of the GLS estimator the covariance
matrix of the model, which has the size of the overall number of observations, needs to
be inverted. If we run out of computing power the solution can be to use OLS instead
of GLS. The OLS estimator is still consistent, although not optimal, for the models
introduced in this paper. But then the covariance matrix of the OLS estimator needs
to be properly adjusted using the covariance matrix of each model and the estimated
variance components derived above, in order to get the appropriate standard errors
of the estimated parameters. Another way to ease computing power requirements is
to use lower level programming languages like C+, etc., but this requires serious code
writing skills and additional resources.
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